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CN ■ Abstract 



We show that the muhiplier algebra of the Fourier algebra on a locally compact group G can be isometrically 
represented on a direct sum on non-commutative U" spaces associated to the right von Neumann algebra of G. If 
these spaces are given their canonical Operator space structure, then we get a completely isometric representation 
I of the completely bounded multiplier algebra. We make a careful study of the non-commutative spaces we 

construct, and show that they are completely isometric to those considered recently by Forrest, Lee and Samei; 
we improve a result of theirs about module homomorphisms. We suggest a definition of a Figa-Talamanca-Herz 
\ algebra built out of these non-commutative U" spaces, say Ap{G). It is shown that ^2(6) is isometric to L^(G), 

. generalising the abelian situation. 

! Subject classification: 43A22, 43A30, 46L51 (Primary); 22D25, 42B15, 46L07, 46L52 (Secondary). 

' Keywords: Multiplier, Fourier algebra, non-commutative space, complex interpolation. 
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1 Introduction 



The Fourier algebra A{G) is, for a locally compact group G, the space of coefficient functionals 
! s 1-^ (A(s),^|?7) for s E G, where ^,ri E L'^{G). Here A denotes the left-regular representation of G 
on Li^iG). For an abelian group, A{G) is nothing but the Fourier transform of L^{G), where G is 
the Pontryagin dual of G. Eymard defined A{G) for general G in [7]. We can also identify A{G) 
^ ' as the predual of the group von Neumann algebra VN{G), see [SH Chapter VII, Section 3]. 
On . In this paper we shall be interested in the multiplier algebra of A{G). This can either be thought 
of abstractly as the double centrahser algebra (see [T7|) of A{G), or, as A{G) is a regular algebra 
of functions on G, as the space of continuous functions / such that fa G A{G) for each a G A{G), 
^ ' see [31] for example. There is now much evidence that A{G) is often best viewed as an operator 
space, when given the standard operator space structure as the predual of VN{G). Then it is 
natural to consider only the completely bounded multipliers, leading to McbA{G) (see or [1]). 
In [21] a representation of McbA{G) on CB{B{L'^{G))) was defined, extending a representation of 
M{G) defined in [9]. It was shown that these representations are commutants of each other, hence 
in some sense extending Pontryagin duality. Similar ideas were considered for Kac algebras in 
[21] and have been extended (along with the commutation ideas) to Locally Compact Quantum 
Groups in [T5] . 

In is shown in that both MA{G) and McbA{G) are dual spaces, in such a way that the 
algebra products are separately weak*-continuous (so these are dual Banach algebras); see also 
[3H Section 6.2]. Now, CB{B{L'^{G))) is also a dual Banach algebra, and the representation of 
McbAiG) constructed in [23] is weak*-weak*-continuous. However, it was shown in [3], Corollary 3.8] 
(and extended in [36| to the completely bounded case) that a dual Banach algebra A admits an 
isometric, weak*-weak*-continuous representation on B{E) for some reflexive Banach space E. The 
space E is built as the large direct sum of real interpolation spaces, and is rather abstract. 
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In this paper, we shall show that we can represent MA{G) on a direct sum of non-commutative 
LP spaces associated to VN{G); we can also represent McbA{G) on the same space, if it is equipped 
with the canonical operator space structure. Indeed, our construction is motivated by that of Young 
in [39j ; as Young didn't consider multipliers, we sketch his ideas in Section [2] below. 

Once we have motivated looking at (non-commutative) spaces, we discuss weights on VN{G) 
and non- commutative for (possibly) non-semifinite von Neumann algebras in Section [31 This 
will involve introducing the complex interpolation method. In Section H] we apply these ideas to the 
Fourier algebra, leading to a scale of spaces Lp{G), for 1 < p < cxo, which are yl(G)-modules. We 
make a careful study of these spaces, and prove some approximation results which allow us to work 
with functions instead of abstract operators in the von Neumann algebra. With this perspective, 
the 74(G)-module actions are just point-wise multiplication of functions. We show that our spaces 
are (completely) isometrically isomorphic to the two families of spaces constructed in [SI Section 6]. 
We think that our construction is easier and more natural than that of [S], although we have to 
worry more about the details of the complex interpolation method. The payoff is that, for example, 
we can easily extend a cohomological result from p], which we can show to hold for all values of 
p (and not just p >2). 

In Section[5]we prove our representation result. Let p„ ^ 1 in (1, oo), and let E be the i"^ direct 
sum of the spaces U'"{G). Then MA{G) is weak*-weak*-continuously isometric to the idealiser 
of A{G) in B{E). If we equip E with the canonical operator space structure, then MchA{G) is 
weak*-weak*-continuously completely isometric to the idealiser of A{G) in CB{E). As arguments 
involving multipliers often using bounded approximate identities, it's worth stressing that our 
results hold for all locally compact groups G. As hinted at in Section [2], Figa-Talamanca-Herz 
algebras make a natural appearance, and with our new tools, we define a notion of what Ap{G) 
should be for a non-abelian group G. We show that A2{G) is canonically isometric to L^(G'), but 
we have been unable to decide if Ap{G) is always an algebra. 

For Banach algebra notions, we follow [2] and we always write E* for the dual of a Banach 
or Operator space E, reserving the notation A' for the commutatant. We shall only use standard 
facts about Operator spaces, for which we refer the reader to [5] and [28] . In the few places where 
we use matrix calculations, we shall simply write || ■ || for the norm on M„(i?), for any n. 

2 Group convolution algebras 

In this section we quickly review Young's construction in [391 Theorem 4], as applied to multipli- 
ers. Let G be a locally compact group, and consider the group convolution algebra L^{G). The 
multiplier algebra of L}{G) can be isometrically isomorphically identified with M(G), the measure 
algebra of G. This is Wendel's theorem, [37] or [21 Theorem 3.3.40]. 

Let {pn) be some sequence in (1, oo) converging to 1. Let E be the direct sum, in an £^ sense, 
of the spaces LP"{G). To be exact, E consists of sequences (^„) where, for each n, G LP"{G), 
with 

n 

Thus E is reflexive. Then M{G) acts contractively on each LP"{G) space by convolution, and 
hence also on E, leading to a contractive homomorphism 6 : M{G) B{E). 

Theorem 2.1. With notation as above, 9 is isometric and weak* -weak* -continuous. 

We first introduce some further concepts. We write ® for the (completed) projective tensor 
product (see [21 Appendix A3] for example). For any reflexive Banach space F, we thus have 
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that B{F) = {F®F*y. Let Xp : L^{G) B{Lp{G)) be the left-regular representation, and let 
(Ap), : LP{G)^LP (G) L°°{G) be the adjoint. Here p' is the conjugate index to p, so that 
LP{Gy = LP\G). For a G L\G),ie Lp{G) and r/ e Lp'{G), we see that 

((Ap),(^ ® r]), a) = (r/, Ap(a)(0) = / / c?s dt = (^g,^, a). 

Here cj^^^ denotes the function s ^ C,{s~^t)i]{t) dt. Thus uj^^^ is a member of the Figa-Talamanca- 
Herz algebra Ap{G), identified as a subalgebra of Cq{G) C L°°(^G). For further details see [T2| [T3]. 
This then suggests an abstract way to define 6 : M{G) — >■ B{Lp{G)), namely 

(r/,^~(/i)(0) = (/i G M(G),^ G L^(G),r/ G L^'(G)). 

By the above calculation, this extends 9. Furthermore, if ^,r7 G Coo(G'), the space of compactly 
support continuous functions, then ^ G Lp{G), rj E Lp (G), and for /i G M{G) we see that 

(J]A^^m) = I I as-H)r]it)dtdfxis) = {r],fx*0, 
Jg Jg 

where n * has the unambiguous meaning of /i convolved with ^. As such ^ and t] are dense, we 
are justified in saying that 6 is simply the convolution action of M{G) on Lp{G). 

Proof of Theorem \2.1[ Consider the adjoint map 6*^, : E®E* — > M(G')* given by 

n n 

where ^ = E E,rj = {rjn) G -E* and /i G M(G). In particular, 6^ maps into (70(6*), the predual 
of M(G), so that 6 is weak*-weak*-continuous. 

For f,g E Goo{G), we have that Uf^g = g * f a.s functions, where f{s) = f{s~^) for s E G. 
Furthermore, we have that 

lim ll/llp = ll/lli, lim ll^llp' = ll^lloo- 

For any (7 G Coo(G) and e > 0, we can find some / G Coo(G) with ||/||i = 1 and \\g* f —g\\oo < e (for 
example, see the proof of [2], Lemma 3.3.22]). As pn — ^ 1, we can find n with ||5'||p;^ < (1 + e)||(7||oo 
and ||/||p„ < 1 + e. It follows that 

K/i,c/)| > -e||/^l|, 

and that 

||^/,glUp„(G) < ll/llpJkllp^ < (l + e)l^||oo- 

By taking suitable supremums, it now follows easily that 6 is an isometry. □ 

For a Banach algebra A, we say that A is faithful if for a E A, when bac = for all b,c E A, 
then a = 0. We shall always assume that our algebras are faithful: notice that if A is unital, or 
has an approximate identity, then A is faithful. A pair (L, R) of linear maps A ^ A is a. multiplier 
(or centraliser) if 

L{ah) = L{a)b, R{ab) = aR{b), aL{b) = R{a)b (a, be A). 

The Closed Graph Theorem then shows that L,R e B{A). For further details see [17], [2] or 
|25[ Section 1.2]. Indeed, [251 Theorem 1.2.4] shows that ii L,R : A ^ A are any maps with 
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aL{b) = R{a)b for a,b G A, then (L, R) is already a multiplier. Let M{A) be the space of 
multiphers, normed by embedding into B{A) x B{A), and made into an algebra for the product 
{L,R){L',R') = {LL',R'R). Notice that A embeds (as A faithful) into M{A) by a {La.Ra) 
where Laih) = ab, Raib) = ba for a,b E A. 

Then Wendel's Theorem tells us that for {L,R) G M{L^{G)) there exists a unique /i G M{G) 
such that L(a) = fia and i?(a) = a/x for a G L^(G'). Indeed, from the proof of [2l Theorem 3.3.40], 
we have that n is the weak*-limit of (L(eo)) in M{G), where (cq) is a bounded approximate 
identity for L^{G). It is then easy to show that L[a) = na for a G L^{G). Notice then that 
R{a)b = aL{b) = a{fib) = {afi)b for a, 6 G L^{G), so as L^{G) is faithful, -R(a) = afi as required. 

Theorem 2.2. VFit/i notation as above, the image of 6 : M(G') —>■ B{E) is exactly the idealiser of 
6{L^{G)), namely 

I={Te B{E) : T^(a), e{a)T G e{L^{G)) (a G ^^(G))}. 

Proof. For G M(G'), we have 6{fi)6{a) = 9{^a) and 6{a)6{fi) = 6{afi) for a G L-'^(G), so that 
^(M(G)) C J. 

Conversely, let T G J and define L, R : ^^(G') ^ L\G) by 

L(a) =0-^(T0(a)), i?(a) = (^(a)r) (a G ^^(G')), 

which makes sense, as 6 is injective onto its range. For a,b E L^{G) we see that 6{a)6{L{b)) = 
e{a)Te{b) = 9{R{a))9{b), so that aL{b) = R{a)b. Thus {L,R) G M{L\G)). Hence there exists 
/i G M{G) with L(a) = /xa for a G ^^(G), so that ^(/i)^(a) = r^(a) for a G ^^(G). 

By the construction of E, we see that {0{a)C, '■ a G L^{G),C, G -E} is linearly dense in E, from 
which it follows that T = 6{fi), completing the proof. □ 

Notice that we implicitly used the Closed Graph Theorem, in invoking [251 Theorem 1.2.4]. In 
the completely bounded setting, this would not be available to us, and indeed, it is unclear to the 
author if a direct analogue of this result would be true. However, if A is commutative (or has a 
bounded approximate identity) that L and R are closely related, allowing a modification of the 
proof to work, see Theorem 15.41 below. In relation to this, it is interesting to note that [18] works 
with one-sided multipliers (or centralisers) . 

It is classical that Lp{G) can be described as a complex interpolation space between L^{G) and 
L°°{G)] see below for definitions, or Chapter 4]. We can recover the action of L^{G) on U'{G) by 
interpolation, but some care is needed. Indeed, obviously L^{G) is an L^(G)-bimodule over itself, 
and so by duality, L°°{G) is an L^(G)-bimodule. However, notice that the resulting left action 
of L}{G) on L°°{G) is not the usual convolution action. With this in mind, the constructions in 
Section H] below should appear less artificial. 

3 Non- commutative spaces 

In this section we sketch the complex interpolation approach to non- commutative spaces, see 
[2S] and [ig. 

3.1 Weights on group von Neumann algebras 

For a locally compact group G, let A and p be, respectively, the left- and right-regular representa- 
tions, defined by 

{\{s)i) (t) = ^s-h), (p(.)e) (t) = pits)VisY/' (^ G L^G), s,teG). 
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Here V is the modular function on G. For / G L^{G), we shall write A(/) and p(/) for the 
operators induced by integration, for example 

(p(/)0(^) = / fmst)^itf" dt e L\G)). 

JG 

Then the group von Neumann algebra VN{G) is the von Neumann algebra generated by A, so 
VN{G) = X{G)". Similarly, the right group von Neumann algebra, denoted here by VNr{G), is 
generated by p. We have that VN{Gy = VNr{G) and VNriG)' = VN{G), see [3l Chapter VII, 
Section 3]. 

An alternative way to construct VN{G) is to start with Coo(G), considered as a left Hilbert 
algebra. The inner-product is inherited from the product is convolution, and the involution 

is = /(s-i)V(s)-^ for / e Coo{G), s e G. See [M! or [53] for further details on left Hilbert 
algebras. One word of caution: for / G Cqq{G) (or more generally, for right bounded elements of 
L'^{G)) we can define i^rif) G VNr{G) (using the notation of [31]). This is not equal to p(/); we 
have 7rr(/) = p{K{f)) for K defined below. 

At this point, we shall stress that henceforth, for functions a, b on G, we denote the convolution 
product by ab (when this makes sense) and the point-wise product by a • 6. An exception is that 
V always acts by point-wise multiplication. 

The left Hilbert algebra leads naturally to a weight (p on VN(G). This weight is explored in 
detail by Haagerup in [TT[ Section 2]. We let = {x e VN{G) : (p{x*x) < oo} and = \mn*^n^, 
and extend to m<^ in the usual way. Let us just note that 

viHf)) = fiec) if e Coo(G)2), 

where Cq is the unit of G, and Gqq^GY = lin{fg : f,g E Cqq^G)}. 

Let (vr, if. A) be the GNS construction for {VN{G),(p). We may hence identify H with L'^iG) 
by A(A(/)) = / for / G Gqq{G) (or more generally for left bounded / G L^(G)). Henceforth we 
shall drop tt and always regard VN{G) as acting on L'^{G). The modular conjugation is the map 

J : L\G) ^ L\G), J^s) = e(F^V(.)-i/^ (e eL\G),seG). 

We define a linear version of J to be K, where K{^) = J(^) for C, G L'^{G). We define the "check 
map" by i{s) = ^(s-^), so = ^V-'^^^. We have that VNr{G) = VnIg)' = JVN{G)J, and 

A(/) = Jp(f)J = Kp{f)K if G L\G)). 

The modular operator is given by point-wise multiplication by V, and this leads to the modular 
automorphism group {<yt)tm given by at{-) = V**(-)V"**. 

We shall pick a canonical choice of weight ip' on VNr{G) by 

if'ix) = ip{Jx*J) {x G VNr{G)+). 

Then m^' = Jm^J and the formula above defines ip' on m<^/. Let (vr', if'. A') be the GNS con- 
struction for ip'. We can identify H' with H by A'{x) = JA{JxJ) for x E n^p' = Jn^pJ. Hence we 
identify H' with L'^{G) by 

A'(p(/)) = JA(A(7)) = K{f) if G Coo(G)). 

Again, we suppress n' and regard VNr{G) as acting on L?'{G). Then the modular conjugation 
for ip' is simply J. The modular automorphism group for ip' is {a[)t(z^, and this is given by 
o-[{x) = Jat{JxJ)J for x G VNr{G). Some care is required when analytically extending this to 
complex values; indeed, we have (t'^{x) = Ja-{JxJ)J for analytic x and z E C. Consequently 

<(P(/)) = p(V-^7) (/ e C^oo(G), zeC). 
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3.2 Non-commutative spaces 

There is a long liistory to non-commutative spaces, for which we refer the reader to [22]. For 
a von Neumann algebra A4 with a finite normal trace r, we can simply let L^{A4,t) be the 
completion of Ai with respect to the norm = r((x*a;)^/^), for 1 < p < oo. Similar remarks 
apply to semi-finite traces, although the framework of "measurable operators" gives a realisation 
of the completed space. See |34i Chapter IX, Section 2] for further details. 

For a general von Neumann algebra which might only admit a weight, Haagerup introduced a 
crossed-product construction of a non-commutative space in |10j. Building on work of Connes, 
Hilsum provided a spatial definition of a non- commutative space in pHj, and showed that the 
resulting space was isometrically isomorphic to Haagerup's. By analogy with the commutative 
case, we might expect the complex interpolation method to play a role. In [20], Kosaki provided 
a construction of a non-commutative space associated to a von Neumann algebra with a finite 
weight (that is, a normal state) using the complex interpolation method. He showed that his 
space is isometrically isomorphic to Haagerup's. In |35j, Terp extended a special case of Kosaki's 
construction to the semi-finite case, and she showed that her space is isometrically isomorphic 
to Hilsum's (and hence to Haagerup's). 

We shall instead follow Izumi's construction in [15], which simultaneously generalises Kosaki's 
and Terp's constructions. Of particular interest is that in [TB|, Izumi makes a detailed study 
of his spaces, introducing bilinear and sesquilinear products, and showing that his spaces are 
canonically isometrically isomorphic to the standard Hilbert space constructed from the underlying 
weight. As such, Izumi's constructions are self-contained (although we note that, technically, he 
relies upon Terp's work in a proof in [15]). 

First let us define the complex interpolation method. See [1], [281 Section 2.7] for further details. 
A compatible couple of Banach spaces is a pair {Eo,Ei) continuously embedded into a Hausdorff 
topological vector space X. We can then make sense of the spaces Eq fl Ei and Eq + Ei, and define 
norms on them by 

= max(||a;||£;o, \\x\\ei) {x e EqH Ei), 
\\x\\ = inf{||a||£;o + : x = a + b, a e Eo,b E Ei} {x E Eq + Ei). 

We need X to be Hausdorff to ensure that we get a norm on Eq + Ei. However, once we can form 
Eq + Ei, in what follows, we can always just replace X hj Eq + Ei. 

Let S = {z = X + iy E C : < X < l,y E R} and Sq = {z = X + iy E C : < X < I, y E R}. 
We let be the space of functions f : S ^ Eq + Ei such that: 

1. / is continuous and bounded, and analytic on Sq; 

2. for i = 0, 1, we have that M Ef, t /(j + it) is continuous, bounded, and tends to as 
\t\ oo. 

For more details on vector-valued analytic functions, see [MJ Appendix] for example. We give 
a norm by setting 

||/||=maxsup||/(j+zt)|U, {f E J'). 
j=o.i tm 

This is a norm, and then becomes a Banach space. 

For < 6^ < 1, we define (ii^o, -Si)[e] to be the subspace of Eq + Ei consisting of those x such 
that X = f{9) for some j E T , together with the quotient norm 

||x||[,]=inf{||/||:/G.F,/(^) = a;}. 

The following is proved in [JL, Theorem 4.1.2]. 
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Theorem 3.1. With notation as above, we have norm decreasing inclusions EqCiEi {Eq, Ei)[g] — >■ 
Eq + El. Let {Eq, El) be another pair of compatible Banach spaces, and let T : Eq + Ei ^ Eq + Ei 
be a linear map such that for j = 0, 1, T{Ej) C Ej and the restriction T : Ej Ej is bounded. 
Then 

T{{Eq, Ei)[g]) C (Fq, Ei)[0], \\T\\ < \\T : Eq ^ EqW^ ^\\T : Ei Ei\f. 

Lemma 3.2. With notation as above, for j = 0, 1 let Tj G B{Ej, Ej). There exists T : Eq + Ei ^ 
Eq + El with T\ej = Tj for j = 0,1 if, and only if, Tq and Ti map Eq fl Ei into Eq fl Ei and agree 
on EqDEi. 

Proof. If To and Ti agree on Eq fl Ei and map into Eq Ci Ei, then we try to define T by T(xo + 
Xi) = Tq{xo) + Ti(xi) for xq G Eq,xi G Ei. This is well-defined, for if xq + Xi = Xq + x'l then 
Xq — x'q = x'l — Xi & Eq n El and so Tq^xq) — Tq{xq) = Ti{x'i) — Ti(xi) G Fq fl Ei. The converse is 
clear. □ 

There is also a bilinear version, see [H Theorem 4.4.1]. 

Theorem 3.3. Let {Eq,Ei), {Eq,Ei) and {Go,Gi) be compatible couples, and let T : Eq (1 Ei x 

Eq n El ^ Gq n Gi be a bilinear map such that for some constants Mq, Mi, we have 

\\T{xj,yj)\\G, < Mj\\xj\\E,\\yj\\F, (j = 0, l,Xj G Ej,yj G Ej). 

For < 6 < 1, there is a bilinear map 

Te ■ {Eq,Ei)[0] X (Fo,Fi)[0] (Cqj CO^e], 

which extends T , and which is bounded by M^'^Mf. 

Now let Aihea von Neumann algebra with normal semi-finite weight (p. Let {H, A) be the GNS 
construction, where we identify M. with a subalgebra of B{H). Let J be the modular conjugation, 
and V the modular operator. We shall now sketch Izumi's approach to non-commutative L^ spaces. 
The idea is to turn {A4,A4^) into a compatible couple; then L^^ip) will be defined as {M., M.*)[i/p], 
for 1 < p < cx). 

Let {H,A) be a GNS construction for p, so that 21 = A(n^ fl n*) is a full left Hilbert algebra 
in H, which generates and induces p. Let 2to be the maximal Tomita algebra associated to 21, 
see jMl Chapter VI, Section 2], and let ao = A~^(2to). In particular, each x G ao is analytic for 
(ct), and A{x) is in the domain of V" for each a G C. 

For a G C, we let L(q,) be the collection of those x & A4 such that there exists y?!"'' G A4^ with 
{y*z,ip^x'') = {xJV°'A{y)\JV~°'A{z)) for y,z E Uq. Then L(a) is a subspace of Ai which contains 
Oq, and is hence a-weakly dense. We norm by setting = max(||x||;K, Hv^I^^Ha^J for 

X G -L(q,). Let i(a) '■ L(^a) — > be the inclusion map, and let j(Q,) : L(q,) — M.^ be the map x i— >• 'p'x^ 
These are contractive injections, and ji^a) has norm dense range. Izumi proves that we have the 
following commuting diagram 

M 
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In particular, we have that {y,{px ) = {x,{py ) for x G and y G L(^_a). By density we have 
that ^iid are injective, and so we can view (A^, A^*) as a compatible couple. Izumi 
shows that under this identification, J\4. fl M.^ is precisely L(^a)- We finally set 

= (l<P<oo). 

We shall always view as a subspace oi M. + M.^.; consequently, by the commuting diagram 

and Theorem I3.H we have that (^) ^ -^('a) (v^) fo^ all x G L and all p. 

For most of this paper, we shall actually work just with the case a = 0, which is exactly the 
case which Terp considers in [33]. Set L = L(o), so we actually have the stronger property that 
X E L when there exists & M.* with 

{y*z,^x) = {Jx*JA{z)\X{y)) = {xJA{y)\JK{z)) {y,ze n^). 

As shown in pLSj, there are bilinear maps which satisfy 

where + 1/p' = 1. There are sesquilinear maps which satisfy 

Furthermore, these maps implement dualities between L^^^-^{ip) and L^_^^((y9), and between L^^^(y9) 

and ((/)), respectively. As such, the dual of can be identified with both linearly 

and ant i- linearly. 

We can identify L^_-^y2)(v') with if^, the standard GNS space for Lp. Indeed, there is an isometric 
isomorphism 

h: H^^ ^(-i/2)(^); KK{x)) = j(*_i/2)(x) (x G n^). 
Furthermore, h respects the relevant inner-products, that is 

We can translate this to other values of a by using the fact that there are isometric isomorphisms 
Then, again for a, /3 G M, we have that 

(f^p,(/3,a)(0|f^P,(/3,«)(^))p,(/3) = ^ ^ V^^^i^)) ■ 

In particular, there is an isometric isomorphism k : if^ ^ L^Q^(<y9) with 

MA(x))=j(*o)(a,/4(x)) (xGa^), (e|r^) = (fc(OIM^))2,(o) (e,r]Gif^). 

Using convergence theorems for integration, it is easy to show that if (X, /i) is a measure space, 
and / G L^in) n then / G for all p G (1, cx)), and lim^^i = The following 

is a non-commutative version of this. 

Proposition 3.4. With notation as above, let x G L. Then limp^i ||j(Q)(x)||p = Hv^xH, where \\ ■ \\p 
denotes the norm on L?Q^ (y?) . 
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Proof. Firstly, we show that 



iij(o)Wiip< ikir/^'ii^.ir/^ (xeL). 

This is [32, Corollary 2.8], but we give a quick proof. Pick e > and define F : S ^ L hj 
F{z) = exp{e{z'^ — 6'^))\\(px\\^~^\\x\\^~^x. Then F G JF, F{6) = x, and we can check that 

||i^ll^< \M'\M'''ew{<i-o'))- 

As e > was arbitrary, we conclude that, as 6* = 

iij(o)(^)iip<ii^ir-'ii^.r = iia:ir/^'ii^.ir/^ 

We now use duality. For e > 0, there exists po > I such that, if 1 < p < po, then ||j(o)(a;)||p < 
(1 + e)||v92:||. As L is a-weakly dense in A4, by Kaplansky density, we can find y & L with 
\\y\\ = 1 and \{y,(px)\ > (1 — e)||v'x||- Then there exists pi > 1 such that, if 1 < p < pi, then 
||j(o)(?/)llp' < (1 + ^)\\y\\ = 1 + e- Thus, if 1 < p < min(po,Pi), then 

(l + e)||v^.|| > \\j*o)i^)\\p>\{jlo)i^),J*oM 

> \{y,^,)\{l + e)-' > {l-e){l + e)-'y,\\. 

As e > was arbitrary, this completes the proof. □ 



3.3 Operator spaces 

As noted by Pisier in [26], [28[ Section 2.6], the complex interpolation method interacts very 
nicely with operator spaces. If Eq and Ei are operator spaces which, as Banach spaces, form a 
compatible couple, then, say, identifying M„(_Eo + -^o) with {Eq + Fq)"^ , we turn (M„(_Eo), M„(_Ei)) 
into a compatible couple. We then define 

M„((Eo,Fi)[e]) = (M„(Eo),M„(Fi))[e]. 

It is an easy check that these matrix norms satisfy the axioms for an (abstract) operator space. 
Then the obvious completely bounded version of Theorem 13.11 holds. 

Suppose that E and F are Banach spaces which form a sesquilinear dual pair. A typical example 
would he E = L°°{fi) and F = L^{fJ.) for a probability measure /i, together with the pairing 

{f\9) = j fgdfi {feE,geF). 

Then we can show that {E, -^)[i/2] is a Hilbert space, if {E, F) is made a compatible couple in the 
correct way, see [28t Theorem 7.10] for example. In our example, we recover L'^in) for the canonical 
compatibility. Intrinsic in the proof is that a Hilbert space H can be canonically identified, in an 
anti-linear way, with its own dual, by way of the inner-product. 

If E and F are also operator spaces, then we recover a Hilbert space with some operator space 
structure. There is a unique operator Hilbert space which is anti-linearly completely isometric to 
its dual: Pisier's operator Hilbert space. We write Hot to denote this structure on H. As explained 
carefully in [28, Page 139], at least when Ad is semifinite, we should consider the compatible couple 
{A4,A4°^). Here, for an operator space E, E°^ denotes the space E with the opposite structure, 
namely ||(a;ij)||op = for (xij) e M.n{E). If ^ is a C*-algebra, then can be identified 

with A, but with the product reversed. See also |T9l Section 4] for a slightly different perspective. 
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Indeed, as noted in [19], if A4 is in standard position on H with modular conjugation J, then 
we have a canonical *-isomorphism : A1°p A4',x ^ Jx*J and so 0* : A^'^ A^*'' is 
a completely isometric isomorphism of operator spaces. We conclude that the natural operator 
space structure on Lp{A4) will arise from studying the compatible couple {A4,A4[). Alternatively, 
if we privilege A^,,,, then we should look at When Al^, = A{G), it turns out that this 

simple observation will guide us as to how to give the resulting non-commutative spaces an 
/l(G)-module action. 

Let us finish by showing the operator space version of Proposition 13. 4[ 

Proposition 3.5. With notation as above, letx G M„(L) for somen G N. Thenlirsip^i ||j*o)(a;) ||p = 

Proof. The norm on M„(L^q-| is given by interpolating M„(A^) and M„,(A^°p), and so we can 
follow the first part of the proof of Proposition 13.41 to find Pq > 1 such that, if 1 < p < Pq, then 

\\j*^o)i^)\\p<ii + e)yA- 

By Smith's Lemma, [51 Proposition 2.2.2], and as M„(L) is cr-weakly dense in M„(7W), there 
exists y G M„(L) with \\y\\ = 1 and \{{y,ipx))\ > (1 — e)||(y9a;||. We can now proceed as in the end 
of the proof of Proposition 13.41 □ 



4 Non- commutative spaces associated to the Fourier algebra 

Let G be a locally compact group G. We have that VN{G) is a Hopf-von Neumann algebra; 
indeed, a Kac algebra, [B]; indeed, is a locally compact quantum group, [221 [23] • We have a normal 
*-homomorphism 

A : VN{G) VN{G)'^VN{G) = VN{G x G); A(A(s)) = A(s) ® A(s) {s G G). 

It is not obvious that such a map exists, but if we define W G B{L'^{G x G)) by W^{s, t) = C,(ts, t) 
for s, t G G, then is a unitary, and we can define A(x) = W*{l®x)W for x G VN{G). Then A is 
coassociative, namely (A® id) A = (id® A) A. Thus A induces an associative product on VN{G)^, 
leading to the Fourier algebra, [7]. For ^,?7 G L'^{G) we write a;^^^ for the normal functional 
on VN{G) given by {x,ij^^ri) = {xC,\ri). As VN{G) is in standard position, [311 Chapter IX, 
Section 1], every member of A{G) arises in this way. We define a map, the Eymard embedding, 
$ : VN{G), ^ Co{G) by 

= (A(s),a;g,,) = / iis-h)^ dt {s G G,u^,^ G A{G)). 
Jg 

Then $ is an algebra homomorphism. This follows [7], but we warn the reader that |ii4, Chap- 
ter VII, Section 3] uses a different map (with s~^ replacing s). 

Then VNr{G) = VN^G)' carries a coassociative map A' given by A'(x) = {JiS)J)A{JxJ){J®J) 
for X G VNr{G). We have that A'(p(s)) = p{s) ® p{s) for s G G. Similarly Ar{G) = VNr{G), 
becomes an algebra. We write cu^^ for the functional on VNr{G) given by {x,lj'^^) = {xC,\ri) for 
X G VNr{G). We similarly define : A,(G) ^ Go(G) by 

^'K„)(^) = (P(^),^5,.) = / ^{ts)V{sy/'W} dt {s G G^iol^ G Ar{G)). 

Jg 

Guided by the arguments in the previous section, we shall turn {VNr{G), Ar{G)) into a com- 
patible couple in the sense of Terp. As VNr{G) = VN{G)' , we have a canonical *-isomorphism 

: VN{Gf'' VNr{G)] X ^ Jx*J {x G VN{G)). 
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Then we have 

This allows us to regard (yNr{G), A{G)) as a compatible couple, and we shall often suppress the 
implicit 0* involved. We then define 

LP{G) = iVNriG),A{G))[,/,] (1< j9 < oo). 

Here we use the "dual group" notation which is common when studying the Fourier algebra. The 
motivation is that when G is abelian, we have that VNr{G) = L'^{G) and A{G) = L^{G) by 
the Fourier transform, where G is the Pontryagin dual of G, and so L^^G) agrees with the usual 
meaning. We keep the same notation in the non-abelian case, although now it is purely formal. 
We give U'{G) the canonical operator space structure 

M„(LP(G)) = (M„(\/iV,,(G)),M„(A(G)))j^/^,. 

We have that 

<|.(0,K,^))(.) = (JA(.)Veir/) = {p{s-^)m = $'K,,)(^-') e G L\G)). 

Hence, under the maps $ and 0* induces the "check map" . We also have the map K available, 
which allows us to define a *-homomorphism 

: VN{G) VNriG); x ^ KxK {x G VN{G)). 

The predual of this map is then 

0, : AriG) A{G); u^^ ^ uk^^k^ V e L\G)), 

so that 

HMool.ms) = {KX{s)K^\r^) = {p{s)^\v) = {seG,^,ve L\G)). 

Thus, under the maps $ and we see that 0* is the formal identity. 

Lemma 4.1. For f,g e Coo{G), let a = f*g. Then p{a) G VNr{G) agrees with V^/^a G A{G) m 
VNr{G) n A{G) = L. 

Proof. We have that p{f ),p{g) G n^', and so by ^35^, Proposition 4], we have that p{f*g) G L = 
VNr{G)nA{G), with 

Now, for s G G, 

ooKg,Kf{s)= [ Kg{s-H)Kf{t)dt= [ g{t-'s)V{t-'sY/'W^Vit-' fUt 

JG JG 

= V{sf/' [ nt)g{t-h) dt={V'/'a){s), 

JG 

which completes the proof. □ 

We wish to turn L^^G) into a (completely contractive) left A(G)-module. For p = 1, we 
obviously have a natural action of A{G) on itself, and so the previous lemma suggests the following 
action. 
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Lemma 4.2. There is a completely contractive action of A{G) on VNr{G) such that a ■ p{f) = 
p{a ■ f) for a G A{G) and f G Coo(G'), where a ■ f denotes the point-wise product. 

Proof. We have that VNr{G) is a completely contractive Ar{G)-module (which is commutative, so 
we shall not distinguish between left and right actions) such that a-p{f) = p{a-f) for a G Ar{G) and 
/ G Coo(G'). As above, we have that 0* : Ar{G) — A{G) is a completely isometric homomorphism. 
So our required action is simply a ■ x = 4>~^{a) ■ x for a G A{G),x G VNr{G). □ 

The following is a useful approximation result, which allows us to work with concrete functions, 
rather than operators in VNr{G). 

Proposition 4.3. For x G VNj.{G), we have that x E L when there exists (p^ £ Ar{G) with 
{x{n)\h) = {p{a*b),^x) fora,be Coo(G). 

Proof. Let 2t = A'(p(Coo(G'))) = Coo(G'), which is a Tomita algebra (but not the maximal Tomita 
algebra). We claim that 2t generates the full left Hilbert algebra A'(n^/ fln^'). This will follow from 
[33l Lemma 3, Section 10.5] if we can show that Coo(G) is a core for the operator S, which is the 
closure of A'(x) i-h> A'(a;*) for a; G n<^' fl n^' (meaning that the closure of the 5* operator associated 
to 21 agrees with the canonical one associated to n^'). 

Indeed, for us, S is the map D{S) L'^{G),^ ^ J where D{S) = G L\G) : ^ G L^{G)}. 
Then D{S) is a Hilbert space for the inner-product {^\r])]j, = (^|?7) + {Sri\SC,) for C,,ri E D{S). We 
claim that Cqq{G) is dense in D{S), from which it will follow that Coo(G') is a core for S. Suppose 
that rj G D{S) is such that {C,\r])^j, = for ^ G Coo(G'). Then 

0= / as)v(s)ds+ [ as-')'^KF^ ds = [ ^e(s)(l + V(s)-i) ds, 
Jg Jg Jg 

for all ^ G Goo{G). As the set (1 + V^^) : ^ G Coo{G)} is dense in L^{G), it follows that r] = 0. 
So Coo{G) is dense in D{S), as required. 

As 21 generates A'(n^/ n n<^/), we can apply the approximation result [3^, Theorem 1.26, Chap- 
ter VI]. This shows that for x E n^p', we can find a sequence (/„) in Coo(G) such that 

hm ||A'(a;) - A'p{fn)\\ = lim ||A'(x) - KfJ = 0, ||p(/„)|| < ||a:|| {n G N), 

n n 

and that p(/n) — >■ x strongly. 

Finally, suppose that x G VNr{G) and G Ar{G) are such that (x(a)|6) = {p{a*b),{px) for 
a,b E Coo(G). Choose ^,?7 G L'^{G) with px = i^^,^- Let y,z E n^', so we can find sequences 
(a„), (6„) in Coo(G'), as above, associated to y and z respectively. Thus 

{y*z,(px) = (z^lyv) = lim(p(&„)^|p(a„)r7) = \im {p{a*^bn),Px) 

n n 

= lim{x J Kan\ J Kbn) = {xJA\y)\JA'{z)). 

n 

We conclude that x G L as required. □ 
We can immediately improve Lemma [4.11 

Proposition 4.4. Let a E A{G). Then a E VNr{G)r\A{G) if and only if d is right bounded, that 
is, there exists K > such that ||/a||2 < -ft'||/||2 for f E Gqo{G). In this case, the map / i— > /a 
extends to an operator x E VNr{G), and then x E L with a = (p^{ipj.). 
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Proof. Let a = u^^r], so that a = $'0~^(c<jg^^). Suppose that d is right bounded. As convolutions 
on the right commutes with the action of VN{G), we see that x G VNr{G). For f,gE Coq{G), we 
see that 



WM = ifalg) = j fis)d{s~H)g{t) dsdt = j f{s)dit)g{st) dt ds 
ns)g{s-H)d{t) ds dt = (p(r(7),C'K,))- 



So by the previous proposition, x & L and a = 4>*{ipx), as claimed. 

Conversely, if a G VNr{G) r\A{G) then there exists x G L with a = (f)^.{ifx)- As fd always exists 
for / G Coo(G'), we can reverse the argument above to conclude that x{f) = fd for / G Coo(G'), so 
that d is right bounded. □ 

We can also apply our approximation idea to improve an approximation result of Terp, [351 
Theorem 8]. 

Proposition 4.5. For x E L, we can find a net [fi) in Coo(G')^ such that supj ||p(/j)|| < oo, 
p{fi) ~^ ^ a-weakly, and ^Pp{fi) ^Px in norm. 

Proof. By Terp's result [35| Theorem 8] we can a net bounded (xj) in m<^/ with X i ^ "lie (T weakly 
and ipxi — >■ ^x in norm. Indeed, from the proof, we can choose Xi = y*Zi for some i/i, Zi G n^i with 
{Hi) and [zi) bounded nets. 

For each i, choose a sequence (ai,„) in Coq{G) with p{ai^n) Hi strongly, Koi^n A'(?/j) in 
norm, and with ||p(aj,n)|| < WViW- Similarly choose (&i,n) associated to Zi. It follows (compare with 
the proof above) that p{{ai^n)*bi,n) ulzi = Xi cr-weakly, and that V5p((a,,„)*6,,„) ^ Vx, in norm. 
With the diagonal ordering, we see that {{ai^n)*bi,n) is the required net. □ 

Theorem 4.6. There is a completely contractive left action of A{G) on L'p{G), for 1 < p < oo, 
such that a ■ j^Q-jP{b) = j(o)P(a ■ b) for a G A{G) and b G Coo(G')^. 

Proof. Let a G A{G) and consider the bounded maps 

T : A{G) A{Gy, b^a-b, S : VNr{G) ^ VNriG); x ^ 0;^(a) ■ x. 



By Lemma 13. 2[ we wish to show that T and S map L to L and agree on L. If this is so, then 
we get a map R G B{U'{G)) which extends T and S', and is bounded by ||T||-'^/''||S'||"'^/'' < ||a||. 
Clearly a ^ R is a. homomorphism, and the resulting action of A{G) on L^{G) is the one stated, 
by Lemma [4. 2 [ 

So, for X G L, we need to show that y = (p~^{a) - x G L and that furthermore a-0*((y9^) = (j)^{(py). 
Suppose that x = p{f*g) for f,g E Coo(G), so that from Lemma WAX = V^^'^f*g. By 

Proposition 14.31 we have that y E L if 

{y(c)\d) = {p{c*d),^;\a ■ M^x))) {c,dE Coo(G)). 

Now, we have that 

{p{c*d), <P:\a ■ MV.))) = {P{c*d), <l>:'<!>-\a ■ V'^Tg)) 

c*d{s)a{s-^)V{s)'^/\f*g){s~^) ds = [ c*d{s'^)a{s)V{s)-^^\f*g){s) ds 

G Jg 

■ P{f*9),'^p(c*d)) = = {y(c)\d), 
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using that is the check map. Hence we are done in the case that x G p(Coo(G)^). 

For general x G L, choose an approximating net (/j) C Coo(G')^ as in Proposition I4.5[ Then, 
by the previous paragraph, for a, 6 G Coo(G'), 

which completes the proof of the claim, by another application of Lemma I4.1[ 

In the completely bounded case, notice that T and S are completely bounded, and hence also 
R is, so we get a homomorphism A{G) CB{L'p{G)). To see that this is completely bounded, it 
is easier to prove the equivalent statement that A{G) x L'^iG) WiG); (a,^) ^ R{0 is jointly 
completely contractive, [3 Chapter 7]. That is, for n G N, the map M„(A(G')) x M„(Lp(G')) 
M„2(LP(G)); (ttij) X (^fci) I— > {Rij{^ki)){i,k),{j,i) is contractive. This follows immediately from Theo- 
rem 13.31 as the analogous statements hold for T and S. □ 

A slightly curious corollary of this proof is that L is an A(G)-submodule of VNr{G), and hence 
the image of L in A{G) is a dense ideal. As a final application of our approximation ideas, we have 
the following. 

Proposition 4.7. For 1 < p < oo, we have that jy^^p^G^Q^GY) is norm dense in L^{G). 

Proof. Following the proof of [HI Proposition 6.22], it suffices to show that p(Coo(G')^) C L 
separates the points of VNr{G) + Ar{G) C L*. Indeed, suppose that x G VNr{G) and u G Ar{G) 
are such that 

(x,y.,(;)) + (p(/),a;) = (/gCoo(G)2). 
For y E L, use Proposition 14.51 to pick an approximating net (/j), so that 

= lim {x, (pp(f^)) + {p{fi),uj) = {x, (fy) + {y, u). 

In particular, this holds for any y G m<^, so by [351 Proposition 7] (or, essentially by definition) it 
follows that X E L with (p^ = —uj. Hence x + a; = in VN^iG) + A^iG), as required. □ 

Proposition 4.8. There is an isometric isomorphism 6 : L'^{G) — » L'^{G) satisfying 6{f) = 
i(o)P(^^^^^/) /^^ / ^ C'oo(G')^. Furthermore, 9 intertwines the inner products on L'^{G) and 
L\G). 

Proof. In Section [3], we discussed the isometric isomorphism k : H^' L'^{G) which is such that 
fc(A'p(/)) = J*o)^i/4p{f) for / G Goo{G)\ If we identify with L\G), then A'p(/) = Kf, and 
so we find a map 9 which satisfies 9{f) = j^^^cTi/^p^K f) = j^Q-^piy'^^^^f) for / G Gqo{G)^. □ 

Notice that L^{G) carries a natural bilinear product, {f,g) = Jufg for f,g E L'^{G). Similarly 
L'^iG) has the bilinear product (■, ■)2 (o); but 9 does not intertwine these products. 

4.1 Comparison with Forrest, Lee and Samei 

In [HI Section 6], a different construction of non-commutative spaces associated to A{G) is 
given. We shall compare their construction to ours. 

Firstly, they form the non-commutative space using VN{G), using Izumi's work with a = 
—1/2. Let OL^^ -^^,^JVN{G)) be the operator space version, given by interpolating VN{G) and 
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^4(6*)°^. Here we write (—1/2) to indicate the choice of a. Then they define 

Recall that the Hilbert space CL^_-,^^2)(^^(^)) carry the operator Hilbert space structure, so 
that OL\_^i^^{yN{G)) = OLly,^{VN{G)r. 

By [HI Theorem 6.3], for 1 < p < 2, the A{G) module structure on Lp{VN{G)) satisfies 

« ■ J(i/2)(A(/)) = J(i/2)(A(a ■ /)) (a G A{G), f G Coo(G)). 

Here we use a different, but equivalent, notation to that of [8j. Similarly, by [8, Theorem 6.4], for 
2 < p < cx), the module action of A{G) on Lp{VN{G)) is 

a-J(i/2)(A(/)) = J(i/2)(A(a-/)) (a G G Coo(G)). 

Recall the isometric isomorphism t/p,(o,-i/2) : -^(_i/2)(^^(^)) ^ -^(o)(^^(^)) which satisfies, 
in particular, 

f/p,(o,-i/2)(j(i/2)A(/)) = J*oM/2,X{f)) = j(o)A(A-i/2V) (/ G CooiGf). 
For 1 < p < 2, we can hence regard Lp{VN{G)) as (9L^q-|(V^A^(G'))°p with the module action 

a ■ j(*o)A(/) = f/p,(o,-i/2)(a • t^p:(o,-i/2)^(o)A(/)) = f^P,(o,-i/2)(a ■ J(*o)A(A1/2p/)) 
= f/p,(o,-i/2)J(o)A(a • A^/^V) = j(*o)A(a ■ /). 

for a G A{G) and / G Coo(G)^. Similarly, for 2 < p < oo, we regard Lp{VN{G)) as OL''^q^{VN{G)) 
with the module action 

a ■ J(o)A(/) = j(o)A(a ■ /) (a G /1(G), / G Goo(G)2). 

Proposition 4.9. For 2 < p < oo, there exists a completely isometric isomorphism (pp : Lf{VN{G)) 
U'{G) which is also an A{G)-module homomorphism, with 

<^p(j(o)A(/)) =jTo)P(/) (/gCoo(G)2). 

Proof. Our L^iG) spaces are formed by interpolating VN,r{G) and Ar{GY^ (identified with A{G)). 
Consider again the maps : VN{G) VNr{G) and c/)^^ : A{G) — > Ar{G). We claim that these 
are compatible, that is, map L(o), for (V N (G) , A{G)) , into L(o), for (VNr^G), Ar{G)). Indeed, let 
X G L(o) C VA^(G) with associated (fx G y4(G). Let a, 6 G Coo(G), so that 

(0(a;)a|6) = {xK{a)\K{b)) = {xJ{a)\J{b)) = {xJA{X{a))\JA{X{b)) 
= {\{a*b),^x) = {Kpia*b)K,^x) = {p{a*b),4>;\^x)), 

so by Proposition 14.31 we see that 0(x) G L(o), for {VNr{G), Ar{G), with v^i,-^-) = (l)~^{(px)- Conse- 



quently, by Lemma 13. 2[ we can interpolate these maps, leading to a contraction 

0, : q,^iVN{G)) Ll^^{VN,.{G)) = L%G). 
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As (j)^ ^ is also a complete isometry y4(G)°P ^^(6")°^, we see that 0p is even a complete contrac- 
tion. By symmetry, we also have a complete contraction in the other direction, showing that 0p is 
actually a completely isometric isomorphism. In particular, 

Mo)A(/) = jTo)(i^A(/)K) = j(*o)p(/) (/ G Coo{Gf). 

It is now clear from Proposition 14.71 that this map is an A(G)-module homomorphism. □ 

Proposition 4.10. Fori < p < 2, there exists a completely isometric isomorphism (pp : Lp{VN{G)) 
L^{G) which is also an A{G) -module homomorphism, with 

^(j(o)A(/)) = J(o)P(/V-^) (/ e GooiGf). 

Proof. For 1< p < 2, it is clear that Lp{VN{G)) = OL[o)(rA^(G))°P = {VN{G)°p, A{G))[i/p]. The 
idea now is to replicate the proof above, but using instead the maps : V^A^(G)°p — VNr{G) and 

: A{G) Ar{Gyp. For X G L C VN{G), let ip^ = cj^,^ for some ^,r] e L\G). Let y',z' G 
so that y = Jy'J, z = Jz'J G and 

{<Pix)JA'{y')\JA'iz')) = {Jx*JAiy)\A{z)) = {z*y,^,) = {z*yC\v) = (J(^')V^ek) 

= {{yrz'Jv\JO = {{yrz'A:'M). 

Hence G L C VNr{G) with v^<^{a;) = (p^^ifx)- Again, we interpolate to find a completely 
isometric isomorphism 

0p : LP{VN{G)) LP{G). 

We then see that for / G Coo(G)^, 

0pJ(o)A(/) = J(o)0(A(/)) = J(o)(^A(r)J) = j-)p(/V-i). 
It is now clear from Proposition 14.71 that this map is an 74(G)-module homomorphism. □ 

4.2 Application to homological questions 

The following is an improvement of [HI Proposition 6.8], which only showed the result for p > 2. 

Proposition 4.11. Let G be a non-discrete group, and let 1 < p < oo. Then the only bounded left 
A{G)-module homomorphism U\G) — *• A{G) is the zero map. 

Proof. Let T : U\G) —>■ A{G) be a bounded left yl(G)-module homomorphism, and suppose 
towards a contradiction that T is not zero. By density, we can find x G L, such that setting 
^ = j(*Q-)(x), we have that T(^) ^ 0. Let a = (p^.^'^x) G A{G). For ?/ G L, let r/ = j(o)(y) and 

h = (j)^:{ipy). Then, with reference to Theorem 14.61 z = 4>^^{a) ■ y E L with = a ■ x*i'^y) = 

ah = ha = h ■ 0*(v5xO = • x). Thus 

a ■ T{r^) = Tjl,){z) = Tjl,^ik\b) ■ x) = b ■ T(0. 

Let V he a compact neighbourhood of the identity in G, so that < |y| < oo. Let K he a 
compact neighbourhood of the identity with KK~^ C V , let r G G, let a = \K\~^^'^Xr~^K ^ L'^{G) 
and (3 = \K\-^/\k e L\G). Then ||a||2 = WPh = 1, and so 6 = uja,p G A{G) with ||6|U(g) < 1- 
We see that 

1 f \sr''^KnK\ 
= J^J Xr-^K{s-H)xK{t) dt = J (s G G). 
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So 6(r) = 1 and b{s) 7^ implies that s G KK C Vr. So b has compact support and 
is bounded, and hence b G L^{G) with < \Vr\. By Proposition I4.4[ 6 = (f)*{fy) where 

y E L with ?/(/) = /6 for / G Coo(G'). We can check that actually y = p{V~^^'^b), so that 
||y|| < < jV^?'! II V^-'^lvrlloo = K(y) say. By the estimate in Proposition 13.41 we see that 

iij(o)(i/)iip<ibir/^'ii¥'.ir/"<^(^)^/^'- 

With T] = j(o)(l/), we hence see that 

|T(0(r)| < \\b-T{0\\A(G) = ||a-T(r^)|U(G) < ||a|U(G) ||T||ir(\/) 

In particular, we can make K{V) as small as we like by choosing V small (as G is not discrete). 
As r was arbitrary, we conclude that T{^) = 0, giving our contradiction. □ 

We can now follow the proof of [8, Theorem 6.9] to show the following; we refer the reader to 
[8] for the definition of operator projective. 

Theorem 4.12. Let G be a non-discrete group and 1 < p < 00. Then U\G) is not operator 
projective as a left A{G) -module. 



5 Representing the multiplier algebra 

Let G be a locally compact group, let be a sequence in (1, 00) tending to 1, and let 

E = £2_0LP"(G'). 

n 

In the Banach space case, this is the direct sum in the i"^ sense, defined in Section |2J In the 
operator space case, we regard this as a discrete vector-valued commutative £^ space, which carries 
a natural operator space structure, see [381 Section 1] and [27]. Indeed, £'00 = — ©L*'" (G) carries 
an obvious operator space structure. We give Ei = — (BLP"{G) the operator-space structure 
arising as a subspace of the dual of — ©L^" (G)*. Then (-Eqo, Ei) is a compatible couple, and E is 
simply [Eoo, -E'i)[i/2]- Notice that the underlying Banach space is the same as the usual definition. 

Then A{G) acts co-ordinate wise on E, so that E becomes a (completely) contractive A{G)- 
module. In the operator space case, notice that this is clear for Ei and Eoo, and hence also for E 
by bilinear interpolation. In this section, we shall show that MA{G), respectively McbA{G), have 
actions on E extending those of A{G), and that the resulting homomorphisms MA{G) — > B{E) 
and McbA{G) CB{E) are weak*-weak*-continuous (complete) isometries. 

Proposition 5.1. For 1 < p < 00, there is a natural action of MA{G) on U'{G) extending the 
action of A{G), such that a ■ j^Q^p{f) = j^^Q^pia ■ f) for a G MA{G) and f G Coo(G)^. Furthermore, 

this action of MA{G) restricts to give a completely contractive action of McbA{G) on U'{G). 

Proof. We let MA{G) act on A{G) in the canonical way. As in the proof of Lemma [4.21 we note 
that MA^{G) acts on Ar{G) and hence on VNr{G) by duality. This action satisfies a ■ p{f) = 
p{a ■ f) for a G MA{G) and / G Gqq{G). We then extend (p^^ to an isometric homomorphism 
ip : MA{G) MAr{G), which completes the argument as in Lemma [4. 2[ We define ip by 

^l,(a){b) = ^;\aMb)) (a e MA{G),be AriG)). 
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As 0* is a homomorphism, this does extend and is itself a homomorphism. Clearly ip is 
contractive, and has an obvious contractive inverse, so that ip is isometric as required. Notice that, 
if we view a e MA{G) and ipi^a) as functions on G (using $ and $') then these functions agree. 

We now follow Theorem 14.61 and use interpolation to extend this MA{G) action to U'{G). We 
hence need to show that if x G L, then y = ip{a) ■ x E L with a ■ = (f)^{ipy). As in the 

proof of Theorem 14. 6[ by our approximation result, it is enough to show this for x = p{f*g) for 
f,gE Coo(G'). But then the proof of Theorem 14.61 follows mutatis mutandis. 

The remark about McbA{G) will follows if we can show that ip restricts to a complete contraction 
ijj : McbA{G) —>■ McbAr{G). However, this follows immediately because ip^: is a complete isometry. 

□ 

By MA{G) is a dual Banach algebra with a predual Q, which is the completion of L^{G) 
for the norm 

= sup| J f{s)a{s) ds : a e MA{G),\\a\\ (f e L\G)). 

Let \q : L^{G) ^ Q he the inclusion map. Similarly, McbA{G) has a predual Qct which is 
defined in the same way, but taking the supremum over the unit ball of McbA{G). Define similarly 
^Qcb ■ L^i^) ~^ Qcb- 

For 1 < p < oo, let vr^ : A{G) B{U'{G)) be the contractive homomorphism given by 
Theorem 14. 6[ and let tt^ : MA{G) B{L^{G)) be the contractive homomorphism given by 
Proposition 15.11 Using Izumi's bilinear product, we have that WiG)* = L^^G), and so we can 
consider the map 

vrj : L^(G)gLP'(G) ^ = VN{Gy, «(e®r^),a) = (a ■ ^7)^,(0), 

for a G MA{G),^ G Lp{G) and rj G Lp\G)). Let vr^ : MA{G) MA{G)* be the analogous map. 

Let vrf'^* : A{G) CB{Lp{G)) and tt^'^^ : M^bA{G) CB{Lp{G)) be analogously given by 
Theorem Ilia and Proposition O Similarly, define nP'"'' : Lp{G)^Lp\G) A{G)* and tt^'^^ : 
LP{G)%LP'{G) MA{Gy. 

Proposition 5.2. The maps ttP andT[P'^^ take values in Gl{G), the reduced group C* -algebra. The 
map tt'p takes values in the predual Q, and ttJ'^'' takes values in the predual Qcb, so that both ttP and 
j^p,cb weak* -weak* -continuous. 

Proof. Suppose that ^ = j *Q){f ) and rj = j(*o)(fi') fi9^ C'oo(G')^- Then, for a G MA{G), using 
the calculations of Lemma [4.11 



® r/), a) = (j*o)P(a ■ /), i(o)p(^))p^(o) = " /)> "Ppio)) 

a{s)f{s)V{s)-'/'g{s-') ds = (a, Aq(/ ■ Kg)). 



G 

Hence 7r^(^ (drf) = Xqi^f -Kg) G Q. By Proposition 14.71 such ^ and rj are norm dense, showing that 
TiP takes values in Q. It is now standard that tiP is weak*-weak*-continuous. The same calculation 
shows that 7r^''^^(^ ®ri) = Xq^^if ■ Kg) G Qcb, so that ttP''^^ takes values in Qcb and hence also ttP''^'^ 
is weak*-weak*-continuous. 

We have that ttP, restricted to A{G), is tcP. Similarly, and for / G L^{G), we see that Aq(/), 
restricted to A{G), is simply A(/) G Gl{G) C VN{G). The above calculation hence also shows 
that irP takes values in C^(G'), as claimed. The same argument applies in the completely bounded 
case. □ 
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If ^ is a commutative Banach algebra and {L, R) G M{A) then for a,b & A, L{a)b = L{ah) = 
L{ba) = L{b)a = aL{b) = R{a)b. If A is faithful, then L = R. We remark that A{G) is faithful, as 
by [3, Lemme 3.2], for any compact K O G there exists a G A{G) which is identically 1 on K. 

The following is now the A{G) version of the results in Section O 

Theorem 5.3. Let G and E be as above. Let MA{G) act on E co-ordinate wise. Then the resulting 
homomorphism it : MA{G) B{E) is an isometry, and is weak* -weak* -continuous. Furthermore, 
the image of ti is the idealiser ofn{A{G)) in B{E). 

Proof. Clearly vr is contractive. Let a G MA{G) and e > 0. As j[o){L) is dense in Ar{G), we can 
find X E L with \\(px\\ = 1 and 

||a • 0*(V5^)II > (1 - e) II a II MA(G)- 
Then, using Proposition 13. 4[ we see that 

||7r(a)|| > lim||a- j(*o)(a;)||pJ|j(*o)(x)||;J = ||a ■ 0,(¥?^)|| ||(/?^|| > (1 - e) ||a||MA(G)- 

As e > 0, we conclude that vr is an isometry, as required. 

Let ^ = (^„) G E and rj = {rjn) G E* be sequences which are eventually zero. For a G MA{G), 
we see that 

(7r(a)^,r7) = ^ (a, 7rP(^„ ® r^^)), 

n 

SO that 7r*(^ ^7]) G Q. As such ^ and rj are dense, by continuity we see that tt* : E®E* — >• MA{G)* 
takes values in Q. Again, this implies that vr is weak*-weak*-continuous. 

Clearly tt{MA{G)) is contained in the idealiser of tt{A{G)). Conversely, given T in the idealiser 
of 7r(A(G)), we can follow the proof of Theorem 12.21 to find a G MA[G) with 7r(a6) = T7i{b) and 
7i{ba) = 7i{b)T for b G A{G). For each L^^G), by Proposition 14.71 and again using [71 Lemme 3.2], 
it follows that {TT{a)C, : a G A{G),^ G L^^G)} is linearly dense in L^^G). This is enough to show 
that then T = 7i{a) as required to complete the proof. □ 

The completely bounded version of this result requires a subtly different proof. 

Theorem 5.4. Let G and E be as above, where we now regard E as an operator space. Let 
McbA{G) act on E co-ordinate wise. Then the resulting homomorphism TCcb '■ McbA{G) — > CB{E) 
is a weak* -weak* -continuous complete isometry. Furthermore, the image of TCcb is the idealiser of 
MMG)) inCB{E). 

Proof. Again, clearly vTcb is completely contractive. As the norm on M„(Lp(G')) is given by in- 
terpolating MLniVNriG)) and M„(y4(G)), we can simply apply the proof of the previous theorem, 
but working with matrices, and using Proposition 13. 5[ to show that Hcb is a complete isometry. 
Similarly, it follows that Ticb is weak*-weak*-continuous. 

Clearly Tich^McbAiG)) is contained in the idealiser of ■ncb{,A{G)). Conversely, given T in the 
idealiser of 'Kcb{A{G)), we can follow the proof of Theorem 12.21 to find {L,R) G M{A{G)) with 
7icb{L{a)) = Tucbia) and ncb{R{a)) = TTcb{a)T for a G A{G). 

For n G N, let i„ : L^"{G) ^ E he the inclusion map, which is a completely contractive 
A(G)-bimodule homomorphism. Then 

Tz„(a ■ = TnMiniO = 7rMa)M0 = ^n{L{a) -0 (a G A{G),^ G /.^"(G')). 
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As A{G) ■ LP{G) is dense in Lp{G) for all p, we conclude that there exists T„ G C13{LP"{G)) with 
Tin = inTn and ||T„||cfe < ||r||cb. It now follows that 

Tn{a-0 = L{a)-^, a ■ T„(0 = i?(a) ■ ^ (a G ^ G ^^"(G)). 

Let Aq = A{G) n VA^r(G') regarded as a subspace of A{G) (so that is (l)^i{Q){L)). Consider 
the map i(o)*^^^ • ^(^) -^(o)' which maps Aq into U'{G) for all p. Let t„ : — U''^{G) be the 
resulting map. We have that a ■ Lnip) = t„(a&) for a G A{G) and 6 G Aq. We hence see that 

a ■ TnLnip) = R{a) ■ Lnip) = Ln{R{a)h) = Ln{aL{h)) = a ■ Ln{L{h)) (a G A{G), h G Aq). 

It follows that TnLn = LnL. By much the same argument as at the start of the proof, we see that 
for a = (aij) G M„(Ao), 

||(L)m(a)|| = lim ||(6„L(ajj))|| = lim ||(T„t„(aij))|| < ll^llcfehm ||(6„(aij))|| < ||T||cb||(aii)||- 

n n n 

Thus L is completely bounded, with \\L\\ch < ll^llcb, and so induces a member of MchA{G). We 
can now follow the end of the previous proof to conclude that T G ti chinch A{G)). □ 

6 Analogues of the Figa-Talamanca— Herz algebras 

In Section [2] we saw that the Figa-Talamanca-Herz algebras Ap{G) naturally appeared. We 
have now developed enough theory to very easily suggest a definition for analogues of the Figa- 
Talamanca-Herz algebras, starting with A{G) instead of L^{G). Indeed, consider the map vr^ : 
A{G) B{L^{G)) as in the previous section. We define Ap{G) to be the image of vrj, equipped 
with the quotient norm, so that Ap{G) is isometric to {Lp{G)®Lp (G'))/ker tt^. By Proposition 
we see that Ap{G) is a subspace of Cjj(G'), which we would expect, as this is the "dual" statement 
to the fact that Ap{G) C Gq{G). 

The following says, informally, that A2{G) = L^{G). 

Theorem 6.1. For a locally compact group G, ^2(6) is equal to X{L^{G)) as a subset ofC^{G), 
and the norm on A2{G) agrees with that on L^{G). 

Proof. We recall the isometric isomorphism 6 : L'^{G) — > L'^{G) given by Proposition 14. 8^ 6{f) = 
j(*o^p(A-3/4/) f ^ Gqo{GY. Then, from above, 

^'Mf) ® 9ig)) = \{A~'/'f . KiA-'/'g)) = \{A~'/'f ■g)=\{Kf. g) if,g G Coo(G)2). 

As K : L^(G') L'^{G) is unitary, by continuity, we have that vr^(^(0 ^ 6{v)) = ' v) for 

C,V ^ L'^{G). In particular, by Cauchy-Schwarz, we have that ■ rj G L^{G) with \\K^ ■ r]\\i < 
lli^elhlhlh, for ^,veL\G). 

For T G L'^{G)®L'^{G) and e > 0, we can find sequences (^„) and {rjn) in L'^iG) with 

^ = X^^n ® ||r|| < ^ ll^nlhll^^nlb < WA + 6. 

n n 

Then let / = Yin ■ Vn G L^{G), the sum converging by Cauchy-Schwarz, with ||/||i < ||r|| + e. 
We see that 

7r,2(^®0)r = A(5^ira-^n) =A(/). 
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As {6 ® 0) is an isometric isomorphism, it follows that ^2(6) C A(L^(G')). 

For / G L\G), let ^ = K{\f\^'^) E L\G) and r/ = e ^^(G), so that Tiim)®d{v)) = /, 

and 11^112 = 11^7 II 2 = ll/lli^^- We conclude that ^2(6*) = X{L'^{G)), with the quotient norm on /12(G) 
agreeing with the norm on X{L^{G)). □ 

In particular, A2{G) is a subalgebra of C^(G), and with the quotient norm, ^2(6*) is a Banach 
algebra. We have been unable to decide if the same is true for Ap{G), for p 2. However, we do 
have the following. 

Proposition 6.2. For 1 < p < 00, Ap{G) contains a dense subset which is a subalgebra ofC^{G). 

Proof. Let a, 6, c, G ^00(^)2, let ^1 = j(*o)(«)'^2 = j(*o)(c) e Lp{G) and let r/i = j(*o)(^)'^2 = 
j(*o)(d) G LP'{G). Then, as above, 7rP(Ci ® r^i) = A(a ■ Kb) and 7rP(^2 ® ^72) = A(c ■ iTc/). Let 
/ = {a-Kb){c- Kd) G CoolG')^. 

Pick Qi G Coo(G) with f^gi{s) ds = 1. Let X C G be a compact set containing the support 
of /, and let F C G be a compact set containing the support of gi. Let e = \Y\~^X{xy)-^y and 
f = Xy, so that go = ef E Gqo{G). Then, for s G G, 

If /-In, \sY r]{XY)-^Y\ 



go{s) = [ e{t)f{t'^s) dt = ^ [ XYis~h) dt 

Jg K I J(xy)-iy 



\Y\ 



soif s G (Xr)-i, thensF C (Xr)-iF and so c/o(s) = |sF||F|-^ = 1. Now let g = (V-i/V)(V-^/2^o) e 
Goo(G')^, so for s G X, 

Jg 

= V{sf'^ j^g,{t)go{t-^s-') dt = V{s)"^ j^giit) dt = V{s 



1/2 



as if t G F then t'^s'^ G {XY)-\ Hence, for s G X, we see that Kg{s) = g{s-^)V{s)-^^^ = 1. 
Thus / ■ Kg = f, showing that 

<(6 ® ® r^2) = A(/) = <(J(*0)P(/) ® J(0)P(^7))- 

We conclude that 

lin {<{jh)Pif) ® Jhp(9)) --f^g^ CooiG)'} C A,(G) 

is a dense subalgebra. □ 

One could instead work with n^''^'^, which would lead to an operator space version of Ap{G), 
say OAp{G). However, as this would naturally use the operator space projective tensor product, 
in general we would only have that Ap{G) C Oy4p(G). Indeed, in [30j, Runde used the natural 
operator space structure on vector valued commutative spaces to define algebras OAp{G), as 
an attempt to find an operator space structure on Ap{G). If G is abelian, then by the Fourier 
transform, Oy4p(G) has an unambiguous meaning (either ours or Runde's). Let PMpiG) be the 
weak*-closure of 7r^(yl(G)) in B{Lp{G)). After [30l Proposition 2.1], in a remark attributed to 
G. Pisier, it is shown that there exist abelian G with PMp{G) ^ CB{Lp{G)). It follows that 
OAp{G) 7^ Ap{G). If we wish to view OAp{G) as a generalisation of Ap{G), then this a problem! 
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